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Generation of Non-Trivial Flat-
Foldable Origami Tessellations
With Degree-4 Vertices
Flat-foldable origami tessellations are periodic geometric designs that can be transformed
from an initial configuration into a flat-folded state. There is growing interest in such tes-
sellations, as they have inspired many innovations in various fields of science and engineer-
ing, including deployable structures, biomedical devices, robotics, and mechanical
metamaterials. Although a range of origami design methods have been developed to gener-
ate such fold patterns, some non-trivial periodic variations involve geometric design chal-
lenges, the analytical solutions to which are too difficult. To enhance the design methods of
such cases, this study first adopts a geometric-graph-theoretic representation of origami
tessellations, where the flat-foldability constraints for the boundary vertices are considered.
Subsequently, an optimization framework is proposed for developing flat-foldable origami
patterns with four-fold (i.e., degree-4) vertices, where the boundaries of the unit fragment
are given in advance. A metaheuristic using particle swarm optimization (PSO) is adopted
for finding optimal solutions. Several origami patterns are studied to verify the feasibility
and effectiveness of the proposed design method. It will be shown that in comparison
with the analytical approach and genetic algorithms (GAs), the presented method can
find both trivial and non-trivial flat-foldable solutions with considerably less effort and com-
putational cost. Non-trivial flat-foldable patterns show different and interesting folding
behaviors and enrich origami design. [DOI: 10.1115/1.4047437]
Keywords: origami, flat-foldability, particle swarm optimization, graph theory, periodicity,
folding, computational geometry, computational kinematics, computer-aided design, design
automation, design optimization, kinematics, smart materials and structures
Introduction
An origami tessellation is a repetitive geometric design folded
from a single sheet of paper [1]. While the vast majority of such
designs are considered to be chiefly artistic, a number of them
have been of special interest by the scientific community, enabling
numerous applications in science and engineering such as deploy-
able structures [2–7], biomedical devices [8–11], robotics [12–
19], and metamaterials [20–25]. As a result, developing new
origami tessellations and understanding their folding behaviors
are important to enrich origami science and further promote their
engineering applications.
To obtain a 3D shape with desired functionality or performance,
origami designers generally focus on possible crease patterns on a
2D plane. This is because an appropriate arrangement of mountain
and valley creases is the primary problem to be solved for obtaining
the expected 3D shape [26]. Lang [27] has collected a series of
mathematical and geometric techniques for origami design and
developed systematic mathematical methods for designing new
origami patterns [28]. Demaine and O’Rourke [29] proposed geo-
metric folding algorithms for linkages and origami. Recent
studies [30,31] have presented state-of-art reviews on the design
methods, kinematic and mechanical analysis, and potential
application of origami structures. On the basis of affine transfor-
mations and closed-loop equations, Belcastro and Hull introduced
a matrix method to expound the continuous rotation of origami
along the creases [32]. Starting from a single four-fold vertex in
origami, Tachi [33] established a set of equations with boundary
constraints for the edges and vertices and proposed a method for
the generalization of quadrilateral mesh origami, which is both
rigid and flat-foldable. Using input point sets in a Cartesian coordi-
nate system, Zhou et al. [34] described a computational method to
generate 3D origami structures with developability. Zirbel et al. [35]
employed a mathematical model and hardware modifications to
accommodate thickness in origami-based deployable arrays. To
apply the origami concept for practical foldable structures, Chen
et al. proposed a comprehensive kinematic synthesis for rigid
origami of thick panels [36]. Using screw theory, Qiu et al.
[37,38] verified that origami structures could be considered as
equivalent redundantly actuated mechanisms. Then, by using
closed-form screw-loop equations, Wei and Dai [39] obtained
new origami folds and crease patterns from the evolved overcon-
strained mechanism. Recently, He and Guest [40] put forward a the-
oretical framework for rigid origami with straight-line creases.
Zimmermann and Stanković [41] described a necessary and suffi-
cient condition for the rigid foldability of a degree-4 vertex in
origami patterns. Fuchi and Diaz [42] utilized the ground structure
approach and a simple gradient-based search technique to find
crease patterns of 2 × 2 origami tessellation.
In fact, well-known origami tessellations such as the Miura and
Yoshimura patterns have been generalized by various researchers,
with some generalized variations having global curvature when
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folded [26,43–45]. Through a systematic symmetry reduction
process while maintaining the flat-foldability of each vertex,
Johnson et al. [9] established a framework for generating symmetric
derivatives of the Miura-ori and developed a large family of descen-
dants for this classic tessellation. Based on graph theory, Chen et al.
[46] developed an integrated geometric-graph-theoretic method to
compactly represent origami tessellations using undirected and
directed graph products. Further, it was demonstrated that this
method can be utilized to enhance the configuration process and
obtain involved matrices and origami models in an effective way.
On the other hand, both flat-foldability (i.e., being transformable
into a flat-folded state) and rigid foldability (i.e., being continuously
foldable without any deformation of facets) are important con-
straints frequently applied to origami design. However, meeting
the requirements for the satisfaction of these constraints is not
straightforward in the design of many origami patterns [47,48].
Inspired by the development sequence through the ice-cracking
process, McAdams and Li [49] introduced a genetic algorithm to
design and optimize flat-foldable origami patterns. Although a
range of origami design methods have been developed by mathe-
matical or geometric approaches, designing origami tessellations
faces considerable geometric or computational challenges. Numer-
ical computational methods are preferred, which are expected to be
robust and easy to implement. Besides, symmetry and regularity can
be fully considered during origami design because most origami
tessellations exhibit periodicity or regularity.
In this study, we propose a computational method for developing
four-fold origami tessellations with flat-foldability. A key signifi-
cance of this work is that the proposed method effectively combines
a geometric-graph representation for the boundary conditions and a
metaheuristic using particle swarm optimization (PSO). To solve
the involved origami design problems with high computational
complexity, interior four-fold vertices are taken as moving particles.
Then, optimal positions of the vertices and possible distributions of
crease lines are identified by the evolutionary computation using
PSO. Next section reviews the basic theorems of four-fold
origami patterns and presents flat-foldability constraints for the
boundary vertices. Then, we present the optimization model for
the involved origami design. In the section of Numerical Experi-
ments, we provide several examples to verify the performance of
the proposed design method.
Origami Tessellations With Four-Fold Vertices
Conditions for Local Flat-Foldability. There are three theo-
rems governing the local flat-foldability of four-fold (i.e.,
degree-4) origami patterns, as given below:
THEOREM 1. Assume a single-vertex fold pattern with four-fold
crease lines identified by angles α1, α2, α3, and α4 so that α1+ α2
+α3+ α4= 2π [29,50,51]. On the basis of the Kawasaki’s
theorem [29,51], the crease pattern is flat-foldable, if and only if
the sum of the alternate angles around the vertex is π. That is
∑4
i=1
αi = 2π and α1 + α3 = α2 + α4 = π (1)
This condition guarantees the local flat-foldability of each vertex
in a multi-vertex pattern.
THEOREM 2. The numbers of mountain and valley fold lines
always differ by 2 [29,51], i.e.
nm = 3, nv = 1 if nm > nv
nm = 1, nv = 3 otherwise
{
(2)
where nm and nv denote the number of mountain and valley fold
lines, respectively.
THEOREM 3. An angle αi which is strictly smaller than its two sur-
rounding angles has two rays with opposite fold directions, i.e., one
mountain and one valley fold line. In other words
{αi < αi−1 and αi < αi+1} ⇒ αi (3)
is formed by one mountain and one valley fold lines.
Repetitive Flat-Foldable Patterns. Generated by the repetition
of some finite sets of flat-foldable vertices, flat-foldable origami tes-
sellations can be represented compactly in various mathematical
forms. Figure 1 shows an example flat-foldable crease pattern
derived from the conventional Miura-ori [44,52]. It is composed
of 5 × 3 basic octagonal unit fragments (i.e., five units in the hori-
zontal direction and three units in the vertical direction), where
the horizontal lines in the original Miura-ori have been replaced
by a set of zigzag polylines.
In fact, such a pattern can be exploited as an initial “geometric
base” to numerically develop novel origami tessellations with dis-
placed four-fold vertices, subject to the satisfaction of the local flat-
foldability condition at each vertex of the new pattern. A previous
study [46] has shown that based on graph theory, this pattern can
be effectively expressed by the Cartesian product of graphs G1
and G2, i.e., G1□G2. In Fig. 1, the subgraphs G1 and G2 are two
zigzag polylines. The horizontal zigzag polyline G1 is expressed
by two independent vectors u1 and u2 (originated from the nodes
on the bottom left; see Fig. 1(a)). Similarly, the other zigzag
Fig. 1 A flat-foldable pgg+2,2 crease pattern with periodicity: (a) the pattern expressed by the Cartesian product of
graphs G1 and G2, i.e., G1□G2 (the subgraphs G1 and G2 are two zigzag polylines) and (b) a typical four-fold
vertex, X, of the unit fragment of the pattern
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polyline G2 is expressed by two vectors v1 and v2. Moreover, θu1,
θu2, θv1, and θv2 denote the angles between respective vectors and
the x-axis (θ∈ (−π, π); positive angles are counterclockwise), and
|u1|, |u2|, |v1|, and |v2| represent the lengths of respective edges.
For instance, in Fig. 1(a), θu1= π/12, θu2=−π/12, θv1= 2π/3, θv2
= π/3, and each edge has a unit length.
Flat-Foldability of a Generic Four-Fold Vertex. Figure 1(b)
shows the flat-foldability in terms of the alternate angles around a
typical four-fold vertex, X, of the unit fragment of the pattern. In
this figure, rXi denotes the unit vector originating from vertex X




where the integer i can be taken as 1, 2, 3, or 4 and Xi represents one
of the four nodes surrounding vertex X. Then, Eq. (1) can be
expressed by the following vector notation:
cos−1(rX1 · rX2 ) + cos−1(rX3 · rX4 ) = cos−1(rX2 · rX3 )
+ cos−1(rX4 · rX1 ) = π (5)
which is the governing equation for the flat-foldability of a four-fold
vertex.
As shown in Fig. 2(a), the octagonal unit fragment associated
with a pgg+2,2 derivative [44,53] of the Miura pattern contains four
independent four-fold vertices: node N1 (equivalently nodes N3,
N7, and N9), node N2 (equivalently node N8), node N4 (equivalently
node N6), and node N5. Based on graph theory and periodic symme-
try [54,55], the positions of all the vertices can be efficiently eval-




N5 + (m − 1)(u1 + u2) + (n − 1)(v1 + v2) (6)
where m and n denote the order number of the unit fragment along
the horizontal and vertical directions, respectively, and X(1−1)N5 = XN5
represents the nodal coordinates of vertex N5.
Importantly, the unit fragment of an origami tessellation with
four-fold vertices is not necessarily octagonal [54,55]. To deal
with design problems involving polygons with complex boundar-
ies, we propose a metaheuristic design generation method which
is not limited to octagonal unit fragments but can be also general-
ized for more complex unit fragments. Without loss of generality,
a given unit fragment can be expressed by the Cartesian product,
G1□G2, of two independent subgraphs G1 and G2. As illustrated
in Fig. 2(b), the subgraph G1 contains a matrix of independent
vectors U= [u1, u2, …, uend], and the subgraph G2 contains a
matrix of independent vectors V= [v1, v2, …, vend]; here uend and
vend denote the last vectors—terminated at the end nodes of the sub-
graphs G1 and G2, respectively. Whilst the boundary nodes are fully
determined by these matrices of independent vectors, the internal
four-fold nodes still need to be determined. In addition, the connec-
tivity pattern of vertices of the unit fragment can be obtained from
the adjacency matrix of the Cartesian product G1□G2 of the graphs
G1 and G2. Then, according to the periodicity of the pattern and by
using Eq. (6), the nodal vector X of each vertex of the obtained
origami pattern can be given by
X(m−n) = X(1−1) + (m − 1)
∑
i∈G1




The local flat-foldability of “corner” boundary nodes—shared by
four unit fragments—should be first considered (i.e., node N1
(equivalently nodes N3, N7, and N9), shown in Fig. 2(a)). Hence,
we establish a constraint for the initial geometry of the subgraphs,
where the first and end vectors of the given unit fragment should
satisfy
θu1 + θuend = θv1 + θvend − π (8)
where θuend ∈ (−π, π) denotes the angle between the end vector
uend and the x-axis (positive angles are counterclockwise), and
θvend ∈ (−π, π) denotes the angle between the end vector vend and
the x-axis (e.g., the angle θv2 shown in Fig. 2(a)). Note that,
when the given unit fragment is an octagon, Eq. (8) is equivalent
to the presented constraint for the internal angles at nodes N1 and
N3 [44,56]. Then, in order to develop a flat-foldable origami tessel-
lation, the flat-foldability condition at the internal nodes and the
boundary nodes shared by two unit fragments (e.g., nodes N2, N4,
N6, and N8, shown in Fig. 2(a)) should be also satisfied. Finally,
when each vertex satisfies the local flat-foldability condition, the
folding sequence of the origami structure can be simulated to
verify the global flat-foldability by certain folding methods [3,57].
Optimization Framework. In general, as the number of
nodes of a tessellation increases, it progressively becomes difficult
to analytically compute the complete solution where the flat-
foldability conditions at all vertices are satisfied simultaneously
[47]. Here, we adopt an optimization framework to solve such prob-
lems. Based on Eqs. (1) and (5), an error function e(X) for evaluat-
ing the local flat-foldability of a typical vertex X is defined as
follows:
e(X) = |cos−1(rX1 · rX2 ) + cos−1(rX3 · rX4 ) − π| (9)
Fig. 2 Local flat-foldability of typical four-fold vertices within: (a) an octagonal unit and (b) two diagonally connected,
polygonal unit fragments
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where e(X) ∈ [0, π] and e(X) = 0, if the vertex satisfies the local
flat-foldability condition. To satisfy the flat-foldability condition
at all vertices, the total error for different types of nodes (e.g., inter-
nal nodes, boundary nodes shared by two unit fragments, and corner
nodes shared by four unit fragments) should be minimized and
ideally “zero.”
As can be seen from Fig. 2, the position of an internal node
affects both the geometry of the origami pattern and the flat-
foldability at the boundary nodes. In this case, the positions of the
internal nodes within the given unit fragment are taken as design
variables. Thus, the optimization model for generating flat-foldable




subject to X ⊂ Ω (10)
In Eq. (10), Ω denotes the closed planar region within the basic
unit fragment, which is determined by the given matrices U= [u1,
u2, …, uend] and V= [v1, v2, …, vend]. The optimization algorithm
is expected to search for different optimal points starting from the
initial positions of the internal nodes. However, the boundary con-
straint in Eq. (10) is too strong for the optimization process to con-
verge. Some obtained points can either go beyond the boundary
(i.e., X ⊄ Ω) or generate self-intersecting crease lines. To avoid
self-intersecting and out-of-range results, the concept of the alge-
braic area is utilized [47]. For instance, the area of a general quad-
rilateral facet ABCD is
S = 0.5|(XC − XA) × (XD − XB)| (11)
where the illustrative vertices A, B, C, D of the quadrilateral can be
numbered in a clockwise or counterclockwise direction. Mathemat-
ically, on condition that each vertex X ⊂ Ω, the sum of the areas of
all the quadrilateral facets without self-intersection is necessarily




Based on Eq. (12) and the concept of penalty, an error function
eS(X) is introduced for evaluating facets of the quadrilaterals









∣∣ ∣∣ + 1 (13)
where eS(X) ∈ [0, 1). Furthermore, to develop physically fabricata-
ble origami patterns, the following constraint for the lengths of the
fold lines is added to the optimization process:
eL(X) =




where lmin and lmax are, respectively, the minimum and maximum
lengths of the boundary edge lines, and ηmin and ηmax are the
lower and upper multiplication factors (in this study, ηmin= 0.2
and ηmax= 4). Hence, based on Eqs. (10), (13), and (14), the objec-
tive function is modified as follows to effectively produce optimal
solutions:
minimize f = eL(X) + eS(X) +
∑
e(X) (15)
When every four-fold vertex satisfies the flat-foldability condi-
tion and the objective function f gets sufficiently close to zero (in
this study, f< 10−6), an optimized, flat-foldable origami pattern
will be obtained.
On the other hand, it is important to point out that the PSO is a
robust computational method searching a population of candidate
solutions within very large solution spaces, which is inspired by
the movement of organisms in a bird flock or fish school [58].
Because of few or no assumptions needed for the involved
problem, PSO is one of the most widely applied metaheuristic algo-
rithms [59]. It does not require the optimization problem to be
differentiable, which is generally required by classic optimization
methods (such as the quasi-newton and gradient descent
methods). PSO is originally attributed to Kennedy and Eberhart
[60] and gets successful applications in the design of four-bar mech-
anisms [61], force-finding of cable-strut structures [62], topology
optimization of truss structures [62], etc. Here, we adopt the PSO
for solving the above-mentioned optimization problem for flat-
foldable origami patterns in order to effectively and iteratively
move a large number of candidate solutions toward the best solution
in the search-space.
During the evolutionary computation using PSO, ns denotes the
number of particles. First, each particle is initialized to randomly
distribute in the search-space, with position xi ⊂ Ω and velocity vi
∈ [0, vmax], where vmax is the maximum velocity of the particles.
The local-best position of a particle is denoted by pi, and the
global-best position of all the particles is denoted by g. The velocity
of each particle is iteratively updated by
vi = ω · vi + c1 · rand(0, 1) · (pi − xi)
+ c2 · rand(0, 1) · (g − xi), and vi ∈ [0, vmax] (16)
where c1 and c2 are the acceleration constants and rand (0, 1)
denotes a random value in the range [0,1]. In Eq. (16), ω is the
inertia weight for enhancing the global searching capability,
which can be determined by the linearly decreasing weight. In
other words, at iteration step t, the inertia weight ω is given by
ωt = (ωinitial − ωend) · (tmax − t)/tmax + ωend (17)
where ωinitial and ωend denote the decreasing weight at the initial
step and the end step, respectively. Subsequently, the position of
particle i is updated by
xi = xi + vi (18)
Then, the local-best position of particle i is updated by
pi = xi, if f (xi) < f (pi) (19)
and the global-best position of all the particles is updated by
g = pi, if f (pi) < f (g) (20)
As a result, based on Eqs. (16)–(20), each particle keeps moving
toward the optimal position and t= t+ 1. Note that the iteration
should be terminated when optimal solutions are obtained or the
step t= tmax. The proposed design generation process has been
implemented in MATLAB, where the flowchart of the PSO-based
design process is given in Fig. 3.
Numerical Experiments
In this section, several numerical examples are presented to
verify the performance of the proposed method for generating
origami patterns. All the examples have been implemented in
MATLAB. The number of particles is ns= 400. The maximum velocity
of the particles in Eq. (16) is denoted as vmax= 0.2Lmin, and Lmin is
the shorter one between the full width and height of the given
unit fragment. The parameters in Eqs. (16) and (17) are chosen as
winitial= 0.2, wend= 0.9, c1= c2= 2, and tmax= 1000. These param-
eters have been carefully determined to control the behavior and
efficacy of the PSO method [59,62].
Flat-Foldable Tessellations for a Given Octagonal Unit
Fragment (Single Design Variable). To verify the feasibility of
the proposed method, we start with a simple and well-known
octagonal unit fragment [56]. Based on the given positions of
the boundary nodes of the octagonal unit fragment, the
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specifications of vectors describing the basic unit fragment are
expressed as follows:
|u1| = 0.985|v2|, |u2| = 0.685|v2|, |v1| = 0.655|v2|,
θu1 = 0, θu2 = −π/9, θv1 = 2π/9, and θv2 = 2π/3
(21)
Then, based on the given boundary, the proposed method is
utilized to find optimal solutions multiple times, each time
using variables randomly distributed within the octagonal unit
fragment. Because of symmetry, all possible tessellations can
be formed from the obtained pattern of the octagonal unit frag-
ment. Two different solutions were found by the proposed
method within 200 steps. Figure 4 illustrates the flat-foldable tes-
sellations (represented by 2 × 2 unit fragments) corresponding to
the two solutions.
As can be seen from Fig. 4(a), the first feasible pattern is a (p2)+2,2
derivative [47] of the Miura-ori, where the internal fold lines are
parallel to the borderlines of the octagonal unit fragment. As the
initial parameters denoted in Eq. (21) to meet the constraints for
the subgraphs (i.e., θu1 + θu2 = θv1 + θv2 − π), each vertex satisfies
the flat-foldability condition. More importantly, as shown in
Fig. 4(b), a non-obvious flat-foldable pattern is developed. This
pattern consists of four different convex quadrilateral facets, and
the angles at the four-fold vertices are different. Although there is
no parallelogram in the obtained pattern, each vertex strictly satis-
fies the flat-foldability condition. Notably, both of the obtained pat-
terns are valid, as they are in good agreements with those
tessellating variations of the Miura-ori presented by Sareh [44]
and Sareh and Guest [56] using the analytic approach.
Figure 5 illustrates the convergence histories associated with the
two solutions presented in Fig. 4, demonstrating the substantial
reduction of the function value and the swarm motion of particles
within the unit fragment. In less than 180 iterations, the PSO algo-
rithm can find the two solutions.
It turns out that the computational cost for obtaining the trivial
solution is slightly lower than that of the non-trivial solution. As
shown in Fig. 5, at initial iteration steps, a small number of particles
move far from the feasible solutions and even go beyond the bound-
ary constraints. Nevertheless, a swarm of particles approaches an
optimal solution within 110 iteration steps. Subsequently, more
and more particles move toward them and gather around the
optimal solution. Therefore, the proposed method shows global
and excellent convergence.
Using the proposed method, we can find out the geometry and the
sector angles of each vertex. Regarding the mountain-valley folds
assignment, the obtained geometry should be further checked
based on the flat-foldable conditions and the folding methods
[3,57]. For instance, Fig. 6 shows 6 × 6 origami tessellations corre-
sponding to the two obtained solutions. Observing the fully folded
configurations shown in Figs. 6(a) and 6(b), we conclude that both
origami patterns are flat-foldable. The complete configuration of the
generalized Miura pattern remains in a planar state during folding.
On the contrary, the novel pattern exhibits a remarkable shape-
changing, where the radius of curvature of the structure reduces sig-
nificantly during folding. In other words, although the initial octag-
onal unit fragment and its topology keep unchanged, the patterns
corresponding to the trivial and non-trivial solutions exhibit
completely different folding configurations and kinematic behavior.
Thus, finding non-trivial solutions of a given fragment is important
for enriching origami design and provides potential applications of
origami structures with transformable configurations and folding
behavior.
It is important to point out that our PSO-based method is appli-
cable to arbitrary octagonal unit fragments. For example, given
Fig. 3 Flowchart of the PSO-based design generation process
of the four-fold origami tessellation
Fig. 4 Origami patterns with two different positions of four-fold vertices: (a) the trivial (p2)+2,2 derivative of the Miura-ori
and (b) the non-trivial (p1)2,2 derivative of the Miura-ori [47] (solid and dashed lines represent mountain and valley folds,
respectively; bold black lines represent the octagonal unit fragment of each pattern)
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5
another octagonal unit, the specifications of the vectors describing
the subgraphs are as follows
|u1|=0.5|v2|, |u2| = |v2|, |v1| = 0.8|v2|, θu1 = 0,
θu2 = π/18, θv1 = 23π/36, and θv2 = 5π/12
(22)
Using the PSO-based method and the geometry denoted in Eq.
(22), we can develop two flat-foldable origami patterns. The
results are shown in Fig. 7, where the angles at the four typical four-
fold vertices A, B, C, and D are evaluated and listed in Table 1.
To further explore the computational efficiency, the proposed
method is compared with other existing metaheuristic algorithms
such as the genetic algorithm (GA). The whole process is
implemented in the optimization toolbox GA in MATLAB, where
the optimization model keeps invariant. The iteration history of
the PSO and GA methods for optimizing the two patterns is also
shown in Fig. 7.
As can be seen from Fig. 7, in comparison with the GA method,
the proposed PSO algorithm achieves better results with higher con-
vergence rates. There are no crossover or mutation operations in
PSO, which is a key process for GA. All particles are continuously
updated by the current velocities and foraging behavior of the
swarm of particles. Hence, the principle behind PSO is substantially
simpler. Moreover, the PSO method requires significantly fewer
parameters, making it is easier to implement.
On the other hand, many feasible solutions can be simultaneously
obtained by the PSO method. For example, the octagonal unit
Fig. 5 Iteration histories and typical distributions of particles during the optimization processes: (a) the trivial (p2)+2,2 derivative of
the Miura-ori and (b) the non-trivial (p1)2,2 derivative of the Miura-ori
Fig. 6 Folding sequence of origami tessellations consisting of 6 ×6 octagonal unit fragments: (a) the
trivial (p2)+2,2 and (b) the non-trivial (p1)2,2, derivatives of the Miura-ori
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6
fragment associated with a classic Miura fold pattern is chosen as a
case to study, where the vectors corresponding to the subgraphs are
specified by
|u1| = |u2| = |v1| = |v2|, θu1 = θu2 = 0, θv1 = 23π/36,
and θv2 = π − θv1 (23)
With these given parameters, the proposed method is utilized to
find feasible solutions. Figure 8 graphically shows the distribution
trends of swarm particles. Some feasible solutions are found after
120 iteration steps, whereas many particles are accumulated along
the horizontal symmetry axis. When the iteration process ends, a
series of feasible solutions are detected to be distributed along the
symmetry axis. Due to the reflectional symmetry, the four angles
associated with every vertex on the symmetry axis necessarily
satisfy
α1 = α4, α2 = α3 and α1 + α3 = α2 + α4 = α1 + α2 = π (24)
Consequently, each vertex on the symmetry axis is proven to be a
feasible solution to the flat-foldability equation, verifying the theo-
retical results.
Flat-Foldable Tessellations for a Given Polygonal Unit
Fragment (Multiple Design Variables). The proposed method
is not limited to developing origami patterns for octagonal unit frag-
ments, but the design variables may contain multiple four-fold ver-
tices moving within a predetermined polygonal boundary. For
Fig. 7 Iteration history of PSO and GA for optimizing: (a) the expected pattern corresponding to the trivial solution and (b) a
novel pattern corresponding to the non-trivial solution
Table 1 Angles α1, α2, α3, and α4 evaluated at the respective vertices of the two patterns
Vertex
Trivial pattern in Fig. 7(a) Non-trivial pattern in Fig. 7(b)
A B C D A B C D
α1 115.00 deg 105.00 deg 65.00 deg 75.00 deg 112.08 deg 100.79 deg 65.00 deg 82.14 deg
α2 75.00 deg 65.00 deg 105.00 deg 115.00 deg 86.35 deg 60.79 deg 105.00 deg 107.86 deg
α3 65.00 deg 75.00 deg 115.00 deg 105.00 deg 67.92 deg 79.21 deg 115.00 deg 97.86 deg
α4 105.00 deg 115.00 deg 75.00 deg 65.00 deg 93.65 deg 119.21 deg 75.00 deg 72.14 deg
Fig. 8 Many feasible solutions for generalized Miura patterns obtained by PSO
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example, Fig. 9 shows two predetermined boundaries with and
without symmetry. Each boundary can be obtained by combining
two octagonal units and consists of 12 boundary nodes and three
internal nodes.
In fact, the subgraphs for describing the symmetric unit cell
shown in Fig. 9(a) are given by
|u1| = |u4| = 0.8|v2|, |u2| = |u3| = |v2|, |v1| = |v2|,
θu1 = θu3 = π/12, θu2 = θu4 = −π/12, and
θv1 = θv2 = π/2 (25)
Similarly, the subgraphs for describing the asymmetric unit cell
shown in Fig. 9(b) are expressed as
|u1| = 0.5|v2|, |u2| = |v2|, |u3| = |u4| = 0.6|v2|, |v1| = 0.8|v2|,
θu1 = θu3 = π/18, θu2 = θu4 = −π/18, and
θv1 = θv2 = π/2 (26)
Using the proposed PSO method and the above-mentioned
parameters, we can effectively generate a series of flat-foldable
origami patterns. Typical configurations obtained from Figs. 9(a)
and 9(b) are shown in Figs. 10(a)–10( f ), respectively. As multiple
four-fold vertices can move within the given region shown in Fig. 9,
there are a series of feasible solutions to the optimization model.
However, it becomes much difficult to obtain solutions for the irreg-
ular boundary. We validate that it is considerably easier for the pro-
posed method to converge for the symmetric pattern in comparison
with the asymmetric pattern. As the given fragment shown in
Fig. 9(a) retains mirror symmetry, one of the internal nodes is
always located on the symmetry axis. Then, the obtained origami
patterns are likely to keep mirror symmetry, as verified by Figs.
10(a)–10(c).
Computer simulations based on nonlinear folding methods [63]
are employed to verify the continuous folding behavior of these
origami tessellations. For instance, Fig. 11 illustrates the folding
sequence of the symmetric and asymmetric origami tessellations,
represented by 4 × 3 arrays of unit cells, as shown in Figs. 10(b)
and 10(e), respectively. Numerical simulations verify that each of
the above-mentioned origami patterns is flat-foldable, rigid fold-
able, and retains a single-degree-of-freedom. Interestingly, as
shown in Fig. 11(b), the asymmetric pattern shown in Fig. 10(e)
has a significant global curvature.
To further evaluate the effectiveness of the proposed method, the
results are compared with those using the GA algorithm.
Figure 12(a) shows the iteration history of the PSO and GA
methods for developing symmetric origami patterns shown in
Fig. 9(a), while Fig. 12(b) shows the iteration history of both
methods for developing asymmetric patterns shown in Fig. 9(b).
Moreover, Fig. 12(c) shows the variations of the fitness value
using the PSO-based optimization models with different parame-
ters. The number of particles is taken as ns= 200, 400, and 800,
and the maximum velocity of the particles is vmax= 0.04Lmin,
0.2Lmin, and Lmin, respectively.
Figures 12(a) and 12(b) show that both GA and PSO methods
can get satisfactory solutions to generate flat-foldable origami pat-
terns in less than 700 steps, whereas asymmetric patterns require
slightly more steps than symmetric patterns. The GA method has
a relatively stable iteration process, as the mean fitness reflects
the ability to converge. Notably, the proposed PSO method has a
stronger convergence ability after 300 iteration steps. Moreover,
the PSO method has more satisfactory computational accuracy
than the GA method because the best fitness value f of the PSO
method is far less than that of the GA method.
It can be noticed from Fig. 12(c) that the number ns slightly
affects the results, whereas more particles lead to the stronger capa-
bility of convergence. 400 particles are enough to obtain the optimal
solutions. However, ns < 200 particles frequently result in local
optimal solutions (not feasible origami patterns). In addition,
Fig. 12(c) shows that the convergence performance of the proposed
method is slightly dependent on the maximum velocity of the par-
ticles vmax, which should be set within a reasonable range. The par-
ticles with very small velocities (v≪ 0.2Lmin) lead to slower
convergence, while the particles with fast motions are easy to get
cross the optimal solution.
Fig. 9 Predetermined boundaries with 12 given nodes and mul-
tiple design variables: (a) a symmetric pattern and (b) an asym-
metric pattern
Fig. 10 Typical computationally generated flat-foldable patterns for a predetermined boundary: (a)–(c) symmetric pat-
terns and (d )–( f ) asymmetric patterns
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Fig. 11 Flat-folding sequences of origami tessellations composed of 4 ×3 unit fragments: (a) the symmetric
pattern shown in Fig. 10(b) and (b) the asymmetric pattern shown in Fig. 10(e)
Fig. 12 Iteration history for developing non-trivial origami patterns: (a) PSO and GAmethods for the symmetric
pattern, (b) PSO and GA methods for the asymmetric pattern, and (c) the PSO method with different parameters
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Flat-Foldable Tessellations for a Given Complex Unit
Fragment With 16 Boundary Nodes and Five Internal
Nodes. To further evaluate the effectiveness of the proposed
method for complex boundary geometries, two different unit frag-
ments with 21 four-fold vertices are studied in this section. Each
problem involves ten independent design variables. Figure 13(a)
shows a unit fragment with regular boundary, whereas the subgraph
G1 contains zigzag polylines (θu=± π/6) and the subgraph G2 is
a vertical path graph (θv= π/2). The lengths of the boundary
edges are
|u1| = |u4| = |v1| = |v2|, |u2| = |u3| = 0.5|v2|,
|u5| = |u6| = 0.6|v2| (27)
It is easy to observe that the Cartesian product G1□G2 of the
independent subgraphs G1 and G2 forms a trivial origami pattern
because each boundary node necessarily satisfies the flat-foldability
condition given in Eq. (8). Besides, a few non-trivial solutions can
be obtained by the proposed method within 950 iteration steps. Two
feasible flat-foldable patterns are shown in Figs. 13(b) and 13(c). On
the other hand, some acceptable solutions can be obtained by using
the existing GA method, which generally requires 765 steps. We
verify that the PSO method gets more accurate results for these
complex patterns than the GA method, as best function values
obtained by the PSO and GA methods are, respectively, f=
0.0062 and f= 0.097.
To further evaluate the performance of the optimization model,
and inspired by the pgg6,2 non-isomorphic derivative of the
Miura-ori [44,52], we examine a unit fragment with complex geom-
etry as shown in Fig. 14(a). Although the directions of the vectors
along the boundary are different from each other, they are verified to
satisfy the flat-foldability constraint for the intersecting boundary
nodes, given by
θu1 + θu6 + π − θv1 − θv2 = −60.7 deg+68.2 deg
+ 180 deg−81.5 deg−106 deg=0 (28)
In addition, the lengths of these boundary edges are
|u1| = |u4| = 0.8|v2|, |u2| = |u5| = 1.31|v2|,
|u3| = |u6| = 2.85|v2|, |v1| = 1.85|v2| (29)
Notably, there is no trivial solution for the given fragment with
complex geometry, as the internal vertices obtained from the Carte-
sian product of the subgraphs do not satisfy the flat-foldability con-
dition. However, by using the predetermined unit fragment and
implementing the proposed optimization process, we can obtain a
non-trivial solution. The corresponding origami pattern is shown
in Fig. 14(b). Each four-fold vertex is proved to be flat-foldable,
whilst the fold lines of the fragment are not parallel to each other.
Moreover, the global flat-foldability of the obtained pattern is ver-
ified by a nonlinear folding analysis, where typical configurations
of the tessellation, composed of 3 × 4 unit fragments, are shown
in Fig. 15.
In comparison with the unit fragments shown in Figs. 9 and 13,
the unit fragment shown in Fig. 14 is much more complex. Conse-
quently, the involved optimization is computationally expensive. It
needs more than 1570 iteration steps to approach the optimum
pattern shown in Fig. 14(b) by using the PSO-based design
method, while the feasible patterns shown in Fig. 13 can be
Fig. 13 A predetermined boundary with a vertical path graph: (a) geometry and (b and c) feasible origami patterns
Fig. 14 A unit fragment with a complex geometry: (a) vectors along the boundary edges
and (b) a flat-foldable origami pattern obtained from the optimization process
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effectively obtained within 950 steps. It is worth mentioning that
after a series of numerical implementations, the existing GA
method still cannot find a feasible solution, whereas local optima
are frequently obtained because of premature convergence. Thus,
the proposed method is more suitable for designing complex config-
urations than the GA method.
Conclusions
In this study, we proposed a metaheuristic computational method
for designing flat-foldable origami tessellations, capable of generat-
ing both trivial and non-trivial origami patterns with periodicity.
First, the Cartesian products of two subgraphs—as the geometric-
graph representations of the boundaries of the associated unit frag-
ment—are introduced. The proposed method presents a systematic
process for finding degree-4 vertices and the corresponding crease
lines using a metaheuristic, inspired by the natural movement of
organisms in a bird flock. To this end, a PSO method for generating
origami tessellations has been established, where the flat-foldability
constraint for different types of vertices is concerned.
Numerical experiments verify that the proposed method shows
global and rapid convergence. For a given boundary condition,
we can effectively obtain not only trivial solutions but also non-
trivial flat-foldable patterns. The obtained origami patterns are
proven to be feasible and flat-foldable by analytical solutions or
nonlinear folding analyses. The non-trivial flat-foldable patterns,
which are based on the same fragments but not easy to be obtained
by certain existing methods, offer novel origami structures with dif-
ferent folded configurations and kinematic behavior. In comparison
with the GA method using crossover and mutation operations, the
proposed PSO method keeps updating the solutions through the for-
aging behavior of the particles. It calls for considerably fewer
parameters and shows more satisfactory convergence and computa-
tional accuracy than the GA method. Our research so far enables the
effective design of origami patterns with periodic symmetry. Future
study will further improve the robustness of this design method for
origami patterns with more complex geometries and evaluate
mountain-valley fold assignments for origami patterns.
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